We investigate the relation between the dynamics of a single oscillator with delayed self-feedback and a feed-forward ring of such oscillators, where each unit is coupled to its next neighbor in the same way as in the self-feedback case. We show that periodic solutions of the delayed oscillator give rise to families of rotating waves with different wave numbers in the corresponding ring. In particular, if for the single oscillator the periodic solution is resonant to the delay, it can be embedded into a ring with instantaneous couplings. We discover several cases where stability of periodic solution for the single unit can be related to the stability of the corresponding rotating wave in the ring. As a specific example we demonstrate how the complex bifurcation scenario of simultaneously emerging multi-jittering solutions can be transferred from a single oscillator with delayed pulse feedback to multi-jittering rotating waves in a sufficiently large ring of oscillators with instantaneous pulse coupling. Finally, we present an experimental realization of this dynamical phenomenon in a system of coupled electronic circuits of FitzHugh-Nagumo type.
INTRODUCTION
A specific feature of systems with time delayed feedback is that their phase space is infinite dimensional. In particular, for large delay times, this can lead to complex high dimensional dynamics [1] [2] [3] [4] [5] [6] [7] [8] . Similarly, complex high dimensional dynamics can be observed in large network systems [9] [10] [11] [12] . In this case, the presence of long feed-forward loops can play a similar role to a direct feedback with a large delay time.
In this paper, we will substantiate this heuristic correspondence and provide a detailed study of the relation between periodic orbits of oscillators with time delay and rotating waves in corresponding systems where many oscillators of this type are coupled in a feed-forward ring structure. The dynamics of such rings have been studied before, including rotating waves and patterns [13] [14] [15] , chaotic and complex dynamics [16] [17] [18] and transient processes [19, 20] . The influence of coupling delays has been also investigated theoretically [21] [22] [23] [24] and experimentally [25] [26] [27] [28] [29] [30] [31] .
We start from the basic observation that a periodic solution of a single oscillator with delayed feedback can be embedded into the feed-forward ring if certain relations between the delay times of the feedback oscillator and the delay in the coupled ring are satisfied. For periodic solutions with a period that is resonant, i.e. relates rationally to the delay time, the embedding is possible in a ring with instantaneous coupling, i.e. without delay. Furthermore, we discuss several cases where the stability properties of the periodic solution of the feedback oscillator and the rotating wave in the ring are related.
An important tool for this investigation is the multiscale approach to systems with large delay [8, 32, 33] , where the singular limit of the delay time tending to infinity is used to obtain an asymptotic description of the stability. Note that a periodic orbit of a delay differential equation is again a solution when the delay is increased by an integer multiple of the period [34] . In this way the orbit reappears for a sequence of delay times and can be found for arbitrary large delays. A similar approach can be used not only in the case when both the feedback delay of the single oscillator and the coupling delay in the ring are large, but also in the case of instantaneous coupling in a sufficiently large ring. Another similarity between delay systems and rings was mentioned in [14, 35, 36] , where certain important features of the spectrum of steady states and periodic solutions in systems with large delay and rotating waves in large feed-forward rings are reported. In Refs. [18, 37] , it is shown that the correlation properties of a ring with N elements can be deduced from the autocorrelation of the single delayed feedback system. A specific example for the emergence of complex dynamics in systems with delay is the recently discovered regime of multi-jittering in oscillators with delayed pulse feedback [28, [38] [39] [40] . Based on the theoretical background given in the first part of the paper, we show that this phenomenon has its counterpart in jittering rotating waves in a feed-forward pulse-coupled ring. Their appearance can even be demonstrated experimentally by a system of coupled electronic FitzHugh-Nagumo circuits.
The structure of the paper is as follows. Section I presents theoretical results on the correspondence between periodic solutions of the delayed oscillator and the ring. It also discusses the cases when the stability of corresponding periodic solutions is related. Further, Sec. II explains how periodic solutions of a delay feedback oscillator are embedded as rotating waves in a ring with instantaneous coupling under the condition of resonance between period and delay. In Sec. III we show how the multi-jittering bifurcation known from delayed sys-tems, appears in feed-forward rings with instantaneous couplings. In particular, in Sec. III B, an experimental demonstration of the jittering waves is presented in a ring of electronic FitzHugh-Nagumo oscillators.
I. PERIODIC SOLUTIONS OF A SINGLE DELAYED OSCILLATOR AND ROTATING WAVES IN A UNIDIRECTIONALLY COUPLED RING
We start with a single oscillator with delayed feedback
where x ∈ R d , and τ ≥ 0 is the time-delay. We assume that for τ = τ 0 equation (1) has a periodic solution h(t) with a period T . It is easy to see that changing the delay, h(t) reappears as a periodic solution whenever multiple of its period T is added to the delay, that is, h(t) is a periodic solution for all values of the delay
Note that without loss of generality, we can assume 0 ≤ τ 0 < T , i.e. τ 0 is the minimal positive delay at which the given solution h(t) exists, such that for k ≥ 0 we obtain all non-negative values of the delay for which the periodic solution h(t) reappears. For a detailed exposition of this reappearance phenomenon and its consequences see [14] . Now we take N oscillators of the form (1), where, instead of the delayed self-feedback, we employ a delayed coupling to the neighboring oscillator:
Considering the oscillator index n = 1, ..., N modulo N , we obtain a unidirectionally coupled ring, where we denote the coupling delay by σ in order to distinguish it from the feedback delay τ in the single oscillator (1) . Following Refs. [41, 42] the periodic solution h(t) of the single oscillator can be used to construct rotating waves for the ring system (3) by
where θ is the phase lag between neighboring oscillators. In order to satisfy the periodic boundary condition in the ring, this phase lag has to be resonant to the period T , i.e.
where M = 0, ..., N −1 is the wave number in the ring. It can be easily seen that the ansatz (4) leads to a rotating wave solution of (3), if the delays in the two systems satisfy the compatibility condition
In this way, we obtain for each fixed wave number an increasing sequence of delay times σ k,M for which the periodic solution h(t) of the single oscillator with delayed feedback (1) can be embedded as a rotating wave into the unidirectionally coupled ring system (3). Note that for some choices of M the first value σ 0,M can be negative and the first positive delay value in the reappearance sequence is σ 1,M .
The described relation between a single oscillator and a feed-forward ring is illustrated in Fig. 1 . In Fig. 1(a) we show the branch of periodic solutions for the Van-der-Pol oscillator with delayed feedback
plotting the period T versus the delay time τ . Such form of the bifurcation diagram is typical when the period on the branch is bounded (see more details in [34] ) and it clearly leads to an increasing coexistence of periodic solutions with of time-delay. Note the increasing skewness of the branch that can be explained by the period depending spacing of the reappearance sequences. For the ring of N oscillators with unidirectional coupling
in the case of N = 3 we obtain three branches of rotating waves shown in Fig. 1(b) . While the branch for wave number M = 0 coincides with the periodic solution for the single oscillator, shown in panel (a), the other two branches can be obtained by a shift of θ M = M T /N along the horizontal axis. The stability regions are highlighted as solid parts of the branch, unstable as dashed. The stability regions vary from branch to branch, however, they turn out to coincide for large delays. This phenomenon is explained analytically in the following section.
Stability properties
A reappearing periodic solution h(t) of the delay equation (1) has typically different stability properties for different values of k in the reappearance sequence (2) . For large values of k, corresponding to large values of the delay τ k , the stability can be asymptotically described using the singular limit k → ∞. The theoretical background has been elaborated in detail in [33, 34] . It is shown there that in this case the Floquet-spectrum consists of pseudo-continuous spectrum, converging to continuous curves, and strongly unstable spectrum, converging to finitely many isolated points. These limiting objects can be determined from a multi-scale approach and then be used as a criterion for stability or instability for finite but sufficiently large delays τ k .
Based on this approach, we will show now that the periodic solution h(t) of the single oscillator (1) and the corresponding rotating wave solutions (4) of the ring system (3) actually lead to the same limiting spectra and hence share the same linear stability properties, if in both cases the delay is sufficiently large, i.e. k → ∞ (cf. [41, 42] ). The linear stability of the solution h(t) in (1) is given by the following variational equation for a perturbation
where
) are the derivatives of f with respect to its first and second argument, respectively. To obtain the corresponding Floquet problem, we substitute δ(t) = p(t)e λt and get dp(t) dt
The set of complex values λ for which Eq. (8) admits a T -periodic solution p(t) are the characteristic exponents. Note that the coefficient matrices A(t) and B(t) are Tperiodic as well. The solution h(t) is stable if all characteristic exponents have negative real parts.
Similarly, the linear stability of the rotating wave solution (4) of the ring (3) is defined by the variational equation
where δ n (t) ∈ R d is the variation of x n Introducing the delay compatibility condition (5) in the form τ = σ + θ into the coefficient matrices, and substituting the Floquet ansatz δ n (t) = r n (t)e λt , we obtain
where r n (t) are T -periodic functions and λ the characteristic exponents to be found. A component-wise time-shift transformation
(see [43] for details) leads to
The coupling matrix of the unidirectional ring can be diagonalized by passing to discrete Fourier modes
2πimn/N such that we obtain the decoupled spectral problems dp
(11) for m = 1, ..., N , which are only distinguished by the phase factor ψ m = 2πm/N and have all a similar form as the spectral problem for the single equation (8) . As it is shown in Lemma 5 in [33] , the characteristic exponents of a Floquet problem (8) for the single equation (1) can be obtained from a characteristic equation of the form
with some analytic function F . This function can be used also to determine the limiting spectra for k → ∞, which is given by
for the strongly unstable spectrum and
for the asymptotic continuous spectral curves approximating weak spectrum with the limiting behavior
for real ω and γ. These curves are parametrized by the extra parameter ϕ in (14) . For the decoupled spectral problems (11) of the ring, we obtain the same function F (·, ·) with the second argument replaced by e −λσ−iψm . However, the resulting equations (13) and (14) for the limiting spectra coincide, since the phase factor ψ m can be absorbed into the curve parameter ϕ. Hence, for large delay the stability properties of the periodic solution in the single equation (8) coincides with the stability of all rotating waves independent on their wave number M .
II. INSTANTANEOUS COUPLING IN THE RING OF OSCILLATORS
So far, we studied the situation with a delay both in the single oscillator and in the unidirectionally coupled ring. However, the delay compatibility condition (5) can be satisfied also with σ = 0, i.e. instantaneous coupling in the ring. This happens exactly, if for the single oscillator, we have a periodic orbit h(t) with a period T resonant to the delay τ 0
Assuming that M 0 and N 0 are relative prime, the periodic solution can be embedded into a ring of minimal size N 0 , and additionally for all integer multiples
with the wave number being the corresponding multiple of M 0 . In Fig. 2(a) we show that a branch of periodic solutions with varying delay generically leads to the appearance of resonances of the period and the delay. In the figure the resonance conditions for N = 6 are shown as gray lines. Their intersections with the branch of periodic solutions for a single Van-der-Pol oscillator with delayed feedback (6) correspond to resonant periodic solutions. The thin solid line indicates the stable part of the branch, while the red thick line corresponds to periodic solutions that are stable when they reappear for sufficiently large delays. As we will show below, this implies the stability of the corresponding rotating waves. In this case, stable rotating waves exist only for M = 4 and M = 5, shown in panels (b) and (c). Note that the rotating waves with different wave numbers are unstable even although the resonant periodic orbits for some of them lie on the stable part of the branch.
As we have seen, the stability of the rotating wave may be different from the stability of the original periodic solution at τ 0 . However, we will show now that the stability of the rotating wave relates to the stability of h(t) for large delays τ k : If the resonant periodic solution h(t) is asymptotically stable for all large enough τ , then the rotating wave in the ring with no delays is stable as well.
To prove this, note that the stability of h(t) for large delay implies that the branches of asymptotic continuous spectrum (15) , given by (14) , have negative real parts except for a single zero at ω = ϕ = 0 corresponding to the trivial Floquet-mode given by the shift along the periodic orbit itself (see [33] , Lemma 18). Now, assume that the rotating wave is unstable, i.e. the characteristic equation
has a solution λ with Reλ > 0 for σ = 0. Then, by increasing σ, this solution must cross the imaginary axis at some point iΩ for some value σ, since for large σ the rotating wave is stable as it is shown in Section I. According to (12) this solution satisfies
for some wave number m of the perturbation. This contradicts to the assumption of stability of h(t) for large delay, which implies that F iω, e −iϕ = 0 for all values of ω and ϕ different from zero. Thus, the asymptotic stability for large delay of a periodic solution of the single oscillator (1) guarantees the stability of the corresponding rotating waves with instantaneous coupling in (3) . Note that this is true for all integer multiples of the minimal ring size N 0 . Choosing a sufficiently large size N j of the ring, it is also possible to show the opposite: If the resonant periodic solution h(t) of the single oscillator (1) is weakly unstable for large delay τ k , then the corresponding rotating wave is also unstable in a ring (3) of sufficiently large size N j and coupling delay σ = 0. Indeed, in the ring with σ = 0 the characteristic equation for the rotating waves takes form
Stability of the rotating wave would imply that all roots of (17) except for ψ 0 = 0 have negative real part. Since for large N the phases ψ m densely fill the interval [0; 2π], by analyticity of F all roots of
with 0 < ϕ < 2π have then also negative real part. At the other hand, if the periodic solution h(t) of (1) is weakly unstable for long delay τ k , there must be some point Ω = 0 for which the pseudo-continuous spectrum crosses the imaginary axis, i.e. γ(Ω) = 0 and hence F (iΩ, e −iϕ ) = 0. This contradiction proves that the rotational wave is in fact unstable.
Thus, the stability of a periodic solution of the single oscillator at large delay is a sufficient condition for the stability of the corresponding rotating wave in a ring with instantaneous coupling. For a large number N of oscillators, it is also a necessary condition.
III. JITTERING REGIMES IN A RING OF OSCILLATORS WITH INSTANTANEOUS COUPLING A. Theoretical study of the multi-jittering
We have shown in the previous sections that periodic solutions of a single oscillator with delayed feedback can be embedded as rotating waves in a ring with instantaneous couplings. This fact implies that regimes that have been observed in time-delayed systems, are generally expected in complex networks, that do not have necessary time delays. The reverse statement is also true: dynamical phenomena observed in lattices of coupled oscillators are also expected in systems with large delays, such as chimera states [5] , reservoir computing [6] , Eckhaus instability [7] , complex pseudo-spatial patterns [44] , etc.
In this section, we concentrate on a fascinating phenomena that recently was discovered in oscillatory systems with long delays, the so-called multi-jittering instability [38] . Later similar phenomena were observed in rings with time delays [40] . Now we show that the multijittering can be observed in a ring with instantaneous couplings.
The multi-jittering was first discovered in a single oscillator with delayed pulse feedback. The minimal model is a phase oscillator, where the action of the pulse feedback is modeled with the so-called phase resetting curve (PRC) Z(ϕ), which characterizes the response of the oscillator to an incoming pulse at different phases:
Here, ϕ is the oscillator's phase, Z(ϕ) its PRC, and τ the delay. In the absence of the feedback, the phase grows uniformly with dϕ/dt = 1. When the phase reaches unity, it resets to zero, and the oscillator emits a spike. The moments of spike emissions are denoted as t p . Each spike is sent to a delay line, and it arrives to the oscillator after the delay τ causing an instantaneous phase shift ∆ϕ=Z(ϕ). Further, we select the PRC Z(ϕ) as in Fig. 3 which corresponds to our setup of the electronic FitzHugh-Nagumo oscillator [38, 40] . The bifurcation diagram for (18) is shown in Fig. 4 where the periods of the observed regimes are plotted versus the delay. The most common regime is the socalled regular spiking when the oscillator emits spikes with constant inter-spike interval. The stable parts of the corresponding branch are plotted by black solid line, unstable by gray dashed line.
In [38] we have shown that under quite general conditions the regular spiking regime may be destabilized via a very peculiar scenario. Namely, if the PRC function Z(ϕ) has a point ψ * with slope Z (ψ * ) = −1, the so-called "multi-jitter" bifurcations take place for delay values
where P ∈ N. In each of these bifurcations, the regular spiking solution destabilizes, and the so-called "jittering" solutions emerge. These regimes are characterized by a periodic sequence of non-equal inter-spike intervals. It was shown that the length of one period in the sequences equals P + 1 inter-spike intervals, i.e. grows linearly with the delay (compare to (19) ). In Fig. 4 the periods of the jittering solutions are plotted by green lines, while the inter-spike intervals constituting them are plotted by red. The latter curves branch off the regular spiking branch at the multi-jitter bifurcation points denoted by stars.
In [40] , we described the jittering instability in rings of pulse delay coupled oscillators. It was shown that rotating waves in such rings may destabilize and give birth to "jittering" waves. Here we will demonstrate that the jittering waves may appear in rings without delays.
Consider a ring of oscillators with unidirectional instantaneous pulse coupling
where n = 1, ..., N. Here, the spikes produced by (n − 1)-st oscillator at moments t n−1,p immediately arrive to the n-th oscillator and perturb it. The ring (20) consists of the same oscillators as (18), thus the periodic solutions of (18) transfer into rotating waves of (20) . To obtain the rotating wave solutions, the bifurcation diagram in Fig. 4 is complemented by the family of lines τ = M T /N (similarly to Fig. 2 lines intersect the branches of the periodic solutions correspond to the rotating waves. As one can see in Fig. 4 , there are 5 points where the regular spiking branch of T (τ ) intersects one of the lines τ = M T /N . We have checked that some of these points correspond to stable rotating waves in the ring. These points are marked by blue circles and appear on the asymptotically stable part of the branch. The other points correspond to unstable rotating waves and are marked by white circles. The stable regular waves are observed in the system for M = 0, 2, 3, they are illustrated in Fig. 5(a-c) .
The lines in Fig. 4 also intersect the branches of jittering solutions which implies the existence of jittering rotating waves. These waves have indeed been observed, they are illustrated in Fig. 6(a,b) . In these Figures, the top panels show the moments of spikes emission by the oscillators, while the bottom panels depict the dynamics of the inter-spike intervals. The sequences of inter-spike intervals are the same for all the oscillators, although timeshifted, and consist of two distinct values (the so-called bipartite solutions). Note that the plots corresponding to the different oscillators are shifted along the vertical axis for the sake of better representation. In reality the values of the short and the long inter-spike intervals are also the same for all the oscillators. Thus, the rotating wave of inter-spike intervals propagates in the ring.
B. Experimental demonstration in a ring of electronic FitzHugh-Nagumo oscillators
We have also corroborated our theoretical results by the experiments with electronic circuits. We have experimentally studied a ring of N = 5 electronic FitzHughNagumo oscillators with instantaneous unidirectional couplings. The circuitry of the single electronic oscil- Figure 6 . Two different jittering rotating waves observed in (20) . The top panels depict the moments of spike generation, the bottom inter-spike intervals.
lator used in the experiment is the same as [45] , while the parameters of the oscillators are set as in [38] . In the absence of coupling each oscillator emits spikes periodically with the period T ≈ 2.95 ms (the frequency mismatch between the oscillators is about 0.4%). The coupling in the ring is organized as follows: when the output voltage of each oscillator exceeds the threshold value u th = 0.84V, a square-shape pulse of the amplitude A P = 5V and duration T P = 42µs is sent to the next oscillator. The phase resetting curve corresponding to such the pulse is depicted in Fig. 3 .
In the experiment, we started from random initial conditions and traced the dynamics of the output voltages and the inter-spike intervals of all the oscillators. We were able to detect all the regimes predicted theoretically, except for the global synchrony ( Fig. 7(a) ). The presumable reason of not finding this regime is its low stability and high sensitivity to the frequency detuning. In Fig. 7 the examples of two distinct jittering rotating waves are given.
We have demonstrated jittering rotating waves in the ring of pulse-coupled oscillators with no coupling delays. Previously, we have shown that jittering solutions emerge in the oscillator with delayed feedback generically, and the only necessary condition for that is the presence of parts with slope < −1 in the oscillator's PRC. In this case the appropriate choice of the delay allows to establish a jittering solution of arbitrary long period. Further we will show that jittering waves generically appear in rings of oscillators with instantaneous pulse coupling.
C. Generic appearance of jittering waves in rings without delays
In this section we show that under the assumption that one delayed pulse coupled oscillator (18) has a jittering regime, it is always possible to select a large enough number N of oscillators in a ring (20) without delays such that this ring possesses a jittering wave.
As shown in [38] , the branch of regular spiking solutions can be determined parametrically as T (ψ), τ (ψ), where
The stability of these regular spiking solutions is given by the condition −1 < α < 1/P , where α := Z (ψ). For α = 1/P , the regular solutions undergo a fold bifurcation, and for α = −1 the multi-jitter bifurcation. Jittering solutions branch from the regular ones at the multi-jitter bifurcation points, i.e. at τ (ψ
Each jittering regime consists of distinct inter-spike intervals Θ j that form a periodic sequence. This sequence has a length P +1, thus the period of the jittering solution equals T = Θ 1 + Θ 2 + ... + Θ P +1 . At the bifurcation point, all the inter-spike intervals tend to the period of the regular solution from which they have branched. Since the period of the regular solution equals T R = 1 − Z (ψ * ), the period of the emergent jittering solution at the bifurcation point equals
Easy to show that at the bifurcation point the period of the emergent jittering solution T is larger than the delay τ . Each branch of jittering solutions connect two points of multi-jitter bifurcations A and B. Assume without loss of generality that τ A /T A < τ B /T B < 1. Then it is always possible to select a rational number M/N ∈ I = [τ A /T A , τ B /T B ] so that the line τ /T = M/N intersects the branch. This would assure that the corresponding jittering solution can be embedded as a jittering rotating wave in the ring of N oscillators with wave number M (see (16) ).
Thus, we have shown that jittering rotating waves generically emerge in a rings with instantaneous pulse coupling. It is always possible to take a sufficiently large number of oscillators and obtain a wave with an arbitrary large period. Let us estimate the minimal size N of the ring which is necessary to embed the jittering solution. Substituting the expressions for the bifurcation parameters τ A,B and T A,B one obtains
where f (ϕ) = 1−ϕ/ (1 − Z(ϕ)). As P grows, the interval I shrinks and approaches unity. From this observation it is easy to see that the minimal size N is proportional to the jittering period P . Moreover, for large P the wave number M must be close to N .
IV. CONCLUSIONS
In this paper, we have studied the relation between the dynamics of a single oscillator with delayed feedback and a feed-forward ring of identical oscillators. The obtained results may be summarized as follows:
1. Periodic solutions of the single oscillator appear as rotating waves in the ring with coupling delays σ = τ − M T /N + kT . Here, k ∈ Z and M = 0, ..., N − 1 is the wave-number of the rotating wave.
2. In particular, when the period is rationally related to the delay such as τ = M T /N , the periodic solution embeds as a wave in the ring with instantaneous coupling σ = 0.
3. The stability of the rotation waves in the ring for large delays σ is equal to the stability of the corresponding periodic solution in the single oscillator for large delays τ.
4. For large number N of units in the ring, the stability of the rotation wave for σ = 0 coincides with the stability of the corresponding periodic solution for τ → ∞. For small N , stability of the periodic solution for τ → ∞ is a necessary condition for the stability of the wave for σ = 0.
The discovered relations between the dynamics of a single oscillator with delayed feedback and a ring of oscillators are of great interest. Particularly, it suggests that dynamical regimes observed in systems with delays may be also observed in systems without delays but with a ring topology. As an example we considered highperiodical jittering regimes in oscillators with pulse delayed feedback. We show that these regimes generically can be embedded as jittering rotating waves in rings of pulse-coupled oscillators without coupling delays.
